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Abltract-Methods of group representation theory and Schur's lemma are employed to impose restrictions
on the constitutive equations for elastic dielectrics which remain invariant under a group of symmetry
transformations. The method is discussed in detail and used to derive constitutive equations for Potassium
Dyhydrogen Phosphate (KDP), a dielectric which has only one phase transition point at 123°K. The
constitutive equations are constructed both in the paraelectric phase (T> 123°K), where the crystal has
tetragonal symmetry (42m, (Du» and also in the ferroelectric phase (T < 123°K) where the symmetry is of
orthorhombic type (mm2(C2,». The number of independent material constants is found to reduce from 171
to 30 and 54 for the two (phases) symmetry groups, respectively.

I. INTRODUCTION

Next to establishing balance laws, incorporation of symmetry restrictions in constitutive theory
are the major aspects of the linear and non-linear theories of continuous media. Recent years
have witnessed increased interest and activity in these areas resulting in explicit constitutive
equations for several classes of materials which remain invariant under a group of symmetry
transformations. The most frequently employed symmetry groups are the 32 crystallographic
groups and the 90 magnetic groups. To simplify the non-linear constitutive equations which
incorporate symmetry restrictions, it was customary to follow the method of Voigt[l] in which
polynomial expansions are employed and the coefficients in such expansions simplified, using
material restrictions. This method becomes cumbersome and increasingly complex as 'the
number of terms in the equations increases. Finite groups and various other procedures for
simplifying constitutive equations have been developed by a number of authors [2-5]. An
extensive survey on the use of continuous groups to construct integrity bases for isotropic
materials is given by Spencer[6]. The book by Lomont[7] further enhances the use of finite
symmetry groups to problems of mechanics and constitutive theory.

Smith and Kiral[8, 9] have recently developed a more direct method of group representation
theory to simplify constitutive equations. The present authors used their method to construct
constitutive equations for alpha quartz [10].

In this paper, we use the method of group representation theory and Schur's lemma to
derive constitutive equations for the elastic dielectric, Potassium Dyhydrogen Phosphate
(KDP). Amongst all the ferro-electrics, KDP has the simplest macroscopic behaviour with only
one phase transition point at 123°K. Above this "Currie point", the crystal is in a paraelectric
phase, with tetragonal symmetry (42m) while below this temperature it is in a ferroelectric
phase, with orthorhombic symmetry (mm2). Elements of the symmetry groups 42m and mm2,
together with corresponding irreducible representations are listed. Constitutive equations are
constructed in both phases using the methods of group representation theory.

In the natural state, with no symmetry, the number of constants for an elastic dielectric
equals 171. It is observed that as the temperature increases through the Curie point, the
symmetry changes from mm 2 to 42m and the number of elastic and dielectric constants
decreases from 54 to 30.

2. FUNDAMENTAL EQUATIONS

The general quadratic expression for the strain energy density function of deformation and
polarization of a homogeneous linear elastic dielectric is given by

WL(S/j, Pi, P i•j ) =! CtlijSljSkl +! aijPiPj +! bljklilijilll

+!ljlcSjlPj +iijlcPilljl +d;jk,llijStl (2.1)

tThe results presented here were obtained in the course of research sponsored by the Natural Sciences and Engineering
Research Council of Canada, Grant No. A·2736.
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where Sij are the components of the symmetric strain tensor, Pi are components of the
polarization vector, and IT jj = Pi,} are the components of the polarization gradient tensor. The
coefficient tensors Cijkl, aij, b1jkl , !ijIt., jijk and dijld are the constant elastic and dielectric tensors.

The constitutive equations for the components of stress tensor Uij, the local electric vector
LEi and the electric tensor Elj are given by

(2.2)

(2.3)

(2.4)

We introduce the following abbreviated matrix notation

(2.5)

where the superscript t denotes the transpose of the column vector. The scheme for indexing
the various tensors is indicated in[lO].

The strain energy density function of deformation and polarization and the constitutive
equations can now be written in matrix form as

where

L---_l---· ---,W (S,P,IT) - 2[S,P,IT]M[S,P,IT]

_ - _, [a a a]t L • - - -[u,-LE,E] = -:;-=,-= W =M[S,p,ITr
as aP aIT

(2.6)

(2.7)

::
ft (itC

(6X6) (6x 3) (6x9)

f
::

M= a j
(3 x 6) (3 x 3) (3 x 9) (2.8)

(i ft b
(9x6) (9 x 3) (9x 9)

and the numbers in parentheses below the matrix indicate the order of the matrix. For an elastic
dielectric with arbitrary symmetry, the total number of independent material constants is 171.

Let the crystaIIographic group {A} = I,A2,A3, ••• ,AN of N 3 x 3 matrices define the
symmetry transformations of the crystal. The matrix AIC is orthogonal and the rectangular
Cartesian coordinate system Ati is said to be equivalent to the reference frame i.

The independent components of vectors S, P and fi in the reference frames i and Ati are
related by

(2.9)



which lead to
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S(At) _ fs(At)S(i), P(Ad _ f(p)(At)p ,
(6 x I) - (6 x 6)(6 x I) (3 x I) - (3 x 3)(3 x I)

I1(At ) _ f(D)(At)I1
(9 x I) - (9 x 9)(9 xl).
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(2.9a)

(2.10)

The group of each of N transformation matrices f(s)(At), f(p)(At) and f(D)(At) of order 6 x 6,
3 x 3 and 9 x 9, respectively, which describe the transformation properties of the strain vector,
S, polarization vector P and the polarization gradient vector IT under the symmetry group {A}
are said to form its matrix representation {t(S)}' {t(P)}, {t(O)} of degree 6, 3and 9, respectively. The
strain vector 5(SII,S22,Sn,S23,S3"SI2), the polarization vector P(P"P2,P3) and the polarization
gradient vector I1(llIl,ll22,lln,lln,ll32,ll3I,ll13,llI2,ll21) are said to form the carrier spaces of the
representations. There are n inequivalent irreducible representations D,(At)(r = I, ... , n) asso
ciated with each of N elements of the symmetry group.

The representations

{reS)} = {f(s)(A I), f(s)(A 2), f(s)(A 3) ••• , f(s)(A N )}

{rep)} = {f(p)(A I), f(p)(A 2), f(p)(A 3) • •• , f(p)(A N )}

{r(D)} = {f(D)(A I), t(D)(A2), f(D)(A3) ... , f(D)(AN)}

(2.11a)

(2.11b)

(2.11c)

can be decomposed into a direct sum of the irreducible representations DhD2, ... D. of {A} by
constructing matrices ~(s)(6 x 6), ~(p)(3 x 3) ~(D)(9 x 9), associated with this group, from the
basic quantities. The number of times a~rR)D;(R = S,P,n>, the irreducible representation Dj(At )

appears in the decomposition of {rR} ={f(R)(At ), k =1- N} is given by[9]

(2.12)

where the suffix tr before the matrix stands for its trace.
The components uf,u~,u~ ... ; uf,u~,uf ... ; U?,U¥,U~ ... ; which from the carrier

spaces of the irreducible representations Dj(At) of the group {A} ={A h A2 • .. AN} are linear
combinations of components of ~ = {SII,S22,S33,Sn,S3hSI2}, P = {P h P2,P3} and II =
{llll,ll22,lln,'7T23,ll32,ll3"ll13,llI2,ll21)' respectively, and are determined from the formula[9]

(2.13)

which may be written as

(2.14)

The matrices O(S), O(P) and 0(0) can be explicitly constructed for the group {A} from the basic
quantities generated in (2.13).

The correctness of matrices OIRh (R = S,P,IT) can be verified by observing that OCR) fIR)

(At>~(J)o (A = S,p,IT) reduces to the direct sum of the irreducible representation of every
symmetry operator At of the group {A}, the number of times of its occurrence being given by
(2.12). The matrices OI.(R = S,P,IT), together with Schur's lemma are used to simplify the
constitutive equations.

3. BASIC QU ANTITIES FOR P ARAELECTRIC PHASE-42m(T> 123°K)

Of all the elastic dielectrics, Potassium Dyhydrogen Phosphate has the simplest macros
copic behaviour and has only one phase transition point at 123°K. Here we construct the
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constitutive equations in the paraelectric phase (T> 123°K) where the crystal has tetragonal
symmetry 42m(Du ).

The matrices comprising the symmetry group {A} of this crystal class are given by

[1 00] . [I 0 0] . [-1 0 J]Al = 0 1 0 A2 = 0 -1 0 A 3 = 0 1
o 0 1 0 0 -1 0 0

CI 0OJ A [0 10] A6= (-! 1 J]A4 = 0 -1 0 s= 1 0 0 0
o 0 1 0 0 1 0

A [0 -1 0] [0-I n (3.1)7 = 1 0 0 As = -1 0
o 0 -1 0 0

There are five inequivalent irreducible representations [7] D.J.(Ak),Dz(Ak),DlAk),D4(Ak) and
Ds(Ak ), k = 1- 8 as ociated with the group {A} =: {A"Az, ... , As} which are of degree one and
two and are listed below.

The matrices f(R)(Ak) [R = 5,p,II,k = 1- 8] which describe the transformation properties of
the vectors 5,P and II can be determined from eqs. (2.9) and (2.10). The values of a(fR)Dj

found from (2.12) are given by

(3.3)

The six independent components of S(SIl,S22,S33,S23,S3"Sd, the three independent com·
ponents of P(P"PZ,P3) and the nine independent components of
I1(llIl,lln,1l33,lln,1l3z,1l3hlll3,1l12,IIzl) can be split into basic quantities using eqn (2.13). The
basic quantities associated with the appropriate irreducible representation are found to be

(1) SW,(SlI +Sn)(I);-; mUIIlI + fizz)(\)

(2) -;- ; (IlZl - lld(Z)

(3) SW;P~);(II21 +llIZ)(3)

(4) (SII - SZZ)(4); - ; (Ill I - fid(4)

(5) (S23,SI3)(S);(PI,P21(S):(1l23,Il13)(S);(1l32,Il31 )(S). (3.4)

Table I. Irreducible Representations of 42m (D2d)

Al A
z

A3
A4 AS A

6 A., As

°1 1 1 1 1 1 1 1 1

°z 1 -1 -1 1 -1 1 1 -1

D
3

-1 -1 1 1 -1 -1 1

°4 1 ··1 -1 -1 -1

IlS
(1 0) [~ ~1) (-~ ~) [-1 0) (~ ~) [-~ ~) (~ -~) [ 0 -1)
[0 1 0-1 -1 0
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The matrices O(S),O(P) and 0(11) are generated from the above basic quantities using the
following set of equations

(3.5)

(3.6)

(n23.D13)($),(n32,n31)(S~ =0(D)(nll,Il22.D33,Il23,1l32,II3IoII13,III2,II21)' (3.7)

The matrices 0(510 O(P) and 0(0) and their inverses are listed in Appendix A.

4. BASIC QUANTITIES FOR FERROELECTRIC PHASE-mm2(T < 123°K)

The group comprising the symmetry operators of this crystal class is given by

[100]AI = 0 1 0

001 [
1 0 0]A2 = 0 -1 0
o 0-1 [

10 0]A3 == 0 1 0
o 0 -1

[
1 00]A.= 0 -1 0
o 0 1

(4.1)

There are four inequivalent irreducible representations Di(At)(i = 1-4,k = 1-4), associated with
the group {Al, which are all of degree 1 and are given in Table 2.

The matrices 1i,lAt )[R =s,p,fi, k == 1-4) which describe the transformation properties of
vectors s,p,fi can be determined from eqns (2)-(9). The values of a found from the formula (2.12)
are given by

(4.3)

The six independent components of 5(511,522,533,5230513,512), the three independent com
ponents of P(PIoP2,P3) and the nine independent components of
Il(nll,n22,1l33,n23.D32,n3hn13,n12,II21) can be split into basic quantities using the formula (2.13).
The basic quantities are found to be

Table 2. Irreducible represenlations of mm 2

~
A2

A3
A4

D
1

1 1

D2 1 1 -1 -1

D3 1 -1 1 -1

D4
1 -1 -1
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(2) SW;- ;nW,m~

(4.4)

The matrices O(Slt O(PI and O(m are generated from the basic quantities con
structed above and are given by the following system of equations

[SW,SW,SW,S~¥,S\Y,S\4})'

(4.5)

(4.6)

(4.7)

The transformation matrices OIRI[R = S,P,Il) and their inverses are listed in
Appendix B.

5. REDUCTION OF CONSTITUTIVE COEFFICIENTS BY SCHUR'S LEMMA

The system of constitutive equations (2.7), with rows multiplied by the matrices ~(s)t ~(P)
and ~(m, may be written in the form

where

d*']1*
6*

(5.1)

and the coefficient matrices are given by

[
C* 1*' a*'] [Q(S)' .]1* a* 1* = . Q(PI .
a* 1*' 6* .. Q(m

(5.2)

Making use of the matrices ~(s)t ~(P) and ~(m for the para-electric phase - 42m (T > 123QK)
and the ferroelectric phase - mm2 (T < 123°K) constructed in Sections 3 and 4, and using
Schur's lemma, the star coefficient matrices assume the forms as shown in Appendices A and B,
respectively.

(a) Paraelectric phase: -42m, T> 123QK)
A direct comparison of corresponding elements of matrices and their irreducible forms from

Appendix A leads to the following non-zero elastic and dielectric constants.
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d33 ;d ll =d22.d12 =d2hd13 =d23,d31 =d32•
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and all other elements in matrices ~.a.1.1,d.G =O.
Keeping in mind the above values of the material ciefficients. the explicit constitutive

equations for KDP in the paraelectric phase 42m (T> 123°K) are given in Table 3.

(b) Ferroelectric phase: (mm2. T < 123°K)
A comparison of the corresponding elements of matrices and their irreducible forms from

Appendix B leads to the following set of non-zero elastic and dielectric constants

Cij(i = 1- 3,j = 1- 3),C44.CSS.C66

b78,b79.b86,b87.b96.b97

all other constants in matrices a.6,l,d./.l being zero.

Table 3. Constitutive equations for KDP in Paraelectric Phase 42m)

511 5
22

5
33

5
23

5n 512 PI P2 P3 nu n22 n33 n23 nu nn n13 "12 "U

au
~ I X Ia

22 . ·
a" - • - • . .
a

23

~ \ ~a
31

a
12 • • . -
-L~ .

~ \ ~-Liz . . · .
-L~ • · • • . -
£U X I ~ I£22

£33 - • - •
£23

\ \
·

~
£)2 . .
£31

£13 ·
£12 I I ~£21 . ·

zero element, • non·zero element,~ non-zero equal element
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Table 4. Constitutive equations for KDP in Ferroelectric Phase (mm2)

s11 s22 s33 s23 s31 Su P
l

P
z

P
3 n

11
nzz n

33
n

23
nn n

31
n

13
n

lZ
n

Zl

0.11 • • • • • • •
0

22 • • • • • • •
0

33 • • • • • • •
0

23 • • •
031 • • • • • •
aU • • • •
-LEl • • • • • • •
-LE2 • • • • •
-LE3 • • • • •
Ell • • • • • • •
E22 • • • • • • •
E33 • • • • • • •
E23 • • •
E

32 • • •
E
3l • • • •

ED • • • •
E12 • • • •
E
2l • • • •

. zero element•• non-zero element

Table 5. Number of independent constants in coefficient matrices

Matrix No. S)'1IIIIetry Diaz-Symmetry 1iZ,,-SYlII'etry
Ferroelectric Phase Paraeleetrie Phase

~ 21 9 6

f 18 5 2

: 6 3 2

d 54 15 8

b 45 15 9

j 27 7 3

Total 171 54 30

The explicit constitutive equations for the KDP in ferroelectric phase (mm2. T < 123°K) are
now written in the form of Table 4.

Results obtained in the constitutive tables generated above lead to distinct non-zero
independent elastic and dielectric constants and their number in the matrices e./.a.J.G.l. are
presented in Table 5.

We observe that in the natural state of an elastic dielectric when there is no symmetry. the
number of material constants equals 171. As the temperature of KDP increases through the
Currie point. its symmetry changes from mm2 to 42m and the total number of constants
decreases from 54 to 30.
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APPENDIX A

Parae/eetric phase (42m (D2d). T> 123°K)
The matrices (I,s"(li1,;(I(P,,O(-~,;(ln and (lii l which describe the transformation properties of S. P and J'i respectively,

are listed as:

~,{ -I

o~,{ .!! J

~J

-I
1

-I

The matrices ~*.I* .4*.r*,J* and 6* listed in eQn (5.1) are evaluated using eqns (5.2) and the matrices
(I(~"(li1I,O(p,,O;:iIt.<)mIO(~, listed above. The corresponding forms are obtained by muhiplying the irreducible represen
tations.
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(I) The matrix c· (symmetric):

K. L. CHOWDHURY and P. G. GLOCKNEll

CJl + C32
Cn --2-

CII +C22
ClJ+Cll -2-

C61 +C62
C63 -2-

C31- C32
CJ6 --2-

CII - C22
C16 +C26 --2-

C61 - C62
-2-

CII- C22 CII +C22
CIl-Cn --2- CI6 - C26 --2- CI4 - C24 CIS - C2S

C41 + C42 C41- C42
C43 -2- c.,; -2- c.. C.S

Cll +CS2 Cll- Cl2
Cl3 -2- C56 -2- Cl4 Cll

(2) The matrix /.:

[

.(1)

.(1)
. (3)

. (4)

[

I fu.:!:1B IH 2 36

-I 11I+/r2
/. = clcp,fclcs, = IlJ -2-/r6

I /21 +/22 I23 -2- 26

hI; In l:u /3l ]
111-/12 IJ -2 I U

/ll - 122 I I-2- 2. 2S

(3) The matrix 4· (symmetric):

_[.,' .(3)... ]

: : ~(5) .

(4) The matrix r:

["
hl+jn -iJ. + iJ9 h. + iJ9 hl-jn

j:u h7 hs

j. ]
-2- 2 -2- -2-

r =clcp,fcllr/, = ~IJ
jll + jl2 -jr.+ jr9 jls + iJ9 jll- j,2

jr. jl7 iJs ~16-2- -2- 2 -2-

hl+j22 -h. + h9 hs+h9 hl-h2
h. h7 hs}2J

2 -2- 2 -2- )26



(S) The matrix (1*:
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dn

473

4n

4ll+431
-2-

(
411+d12)

+411 + 422
2

(
-dll +491)
-412+ 491

2

(
411+491)
412 +492

2

(
411-421)
412-4n

2
441 +442
-2-

d,1 + 412
-2-

dll + dll
-2-

461 + 461
-2-

431- dll
-2-

(
dl\ +dll )
-412-d22

2

(
-dll +491)
+412 - 492

2

(
411+491 )

-411-491
2

( 411 -411)
-dI2+422

2
441- 442
-2-

471-d12
-2-

4ll- 4sz
-2-

d61 - 462
-2-

.(1) .0)

.m .0)

(6) The matrix G* (symmetric):

G* "" O<mGO,rl, ""

~(S).----- .
. --""'(S)

bll +b23

-blJ+b9l

bll + b9l

bll - bll
-2-

bll- b22
-2-

b41 + b42
-2-

-b4+b49 b4+b49
--2- -2-

b41- b42
-2-

b73 bn
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.(1) .(1)

.(1) .(1)

~(5) ~(5)
'~(5) ~(5)

APPENDIX B
Ferro-electric plum (,","2 !C~,) T<123"K

The matrices ~shO~hQ(Ph~iilh~m,O<ri1 which describe the transformation properties of S, Pand Il are listed below:

~ ~-I [' ' 'J....(1"= .... (1'1" • I . .

.. I

The matrices 1·,!*. '., ;., J. and C· are evaluated by eqns (5.1) and (5.2) and are compared to the~ forms
obtained by multiplication of the irreducible representations,

(1) The matrix l· (symmetric):

l"
C12 Cn Cl. <'In

''']C21 C22 Cn C2. C2ft ('25

l.=~ 10-' = Cl'
C32 Cn C)4 C)6 Cl5 _

S (5' C4' C.~ Co C.. C<6 C'$

C6' C6~ CM C6< C66 CM
Cli Cl2 Cn Cs< Cl6 ClS

[-(I) .m .(1)

"" ]
.(1) .(1) .(1)
.(1) .(1) .(1) .(2)

. .(4)

(2) The matrix /*:

.(3): ]
. .(4)



Constitutive equations for KDP by group theoretic methods

(3) The matrix ". (symmetric):

119

::~ :;3J -[~(I) ~(3) : J.
a32 an . . e(4)

(4) The matrix 1:

(5) The matrix d·:

dll dl2 du d" dl6 d l ,

d21 d22 dB d2. d26 d2'
d31 d32 d33 d)4 d36 d3'
d.1 d.2 d.3 d.. d<46 d.,

J·=~mJI}(J,= d,1 dn d'3 d,. d'6 d"
d91 d92 d93 d94 d96 d"
dll dl2 dl3 d.. dl6 d.,
d71 dn d73 d7. d76 d"
d61 d62 d63 dM d66 d6'


